A modified dynamical model of cosmology is derived based on imposing Neumann boundary condition on cosmological perturbation equations. Then, it is shown that a new term appears in the equation of motion which leads to a modified Poisson equation with a new density term. In addition, a modified Hubble parameter due to the presence of this new density term is derived. Moreover, it is proved that, without a cosmological constant, such model has a late time accelerated expansion with an equation of state converging to w < −1. Also, the luminosity distance in the present model is shown to differ from that of the ΛCDM model at high redshifts. Furthermore, it is found that the adiabatic sound speed squared is positive in radiationdominated era and then converges to zero at later times. We bound the parameters of the model based on Type Ia Supernovae, Hubble parameter data and the age of the oldest stars. Theoretical implications of Neumann boundary condition has been discussed and it is shown that by fixing the value of the conjugate momentum (under certain conditions), one could derive our version of modified dynamics.
that their presence would solve some, otherwise baffling, discrepancies between observations and predictions of general relativity (GR). See Peebles [1] , Peebles & Ratra [2] . These predictions are mostly based on the zero and first-order perturbation equations of GR field equations. See Bardeen [3] , Mukhanov, Feldman, & Brandenberger [4] , Bruni et al. [5] , Malik & Wands [6] for reviews on perturbation method in general relativity.
For example, the presence of the dark matter particles could explain most notably, among other phenomena, the growth of structures in the universe, the stability of gravitating systems, the rotation curves of spiral galaxies and the missing mass problem in gravitational lensing. See Peebles [1] , Sanders [7] , Jain & Khoury [8] for excellent reviews on basis of these problems. However, it should be noted that despite tremendous efforts to detect the most popular candidates of dark matter, such as sterile neutrinos, WIMPs (weakly interacting massive particles) and axions, a conclusive evidence for the detection has not yet been reported [9] .
On the other hand, the existence of the dark energy is presumed to explain the large scale structure and evolution of the cosmos [2, 10] . The main concerns here are accelerated expansion of the universe ( proved by Riess et al. [11] , Perlmutter et al. [12] based on supernova observations), baryon acoustic oscillations, temperature anisotropies in the cosmic microwave background (CMB) and the age of the universe. See Amendola & Tsujikawa [10] for a thorough review on theoretical implications and observational evidence for the dark energy.
To solve GR field equations, the initial/boundary conditions are usually considered to be trivial. See Peebles [1] pages 361-363 for a discussion on this topic. The question of initial/boundary condition in GR is closely related to the problem of the boundary term in GR action. At least from mathematical point of view, it is well understood that to derive the Einstein equations, one has to add a surface term to the Einstein-Hilbert action [13] . This ensures a well-posed action, meaning that the imposed boundary condition on the action is compatible with the derived field equations. When adding a surface term to the Einstein-Hilbert action, the main issue is the quantity which should be fixed on the boundary.
In this work, we will impose Neumann boundary (B.C.) condition on GR perturbation equations in the next section. Also, the modifications in trajectories of massive and massless particles are discussed. The new term in the equation of motion of this model is found to be proportional to cH = 6.59 × 10 −10 m/s 2 [14, 15] which is also known as the de Sitter scale of acceleration [16] . Thus, the model is essentially a modified dynamical (MOD) model which in many features at galactic scales shows some similarities with Milgrom [17, 18, 19] proposal known as MOND (modified Newtonian dynamics). See also Shenavar & Ghafourian [20] . The main implication of the appearance of such acceleration scale in the equation of motion is that probably the physics of the local universe might be affected by the global expansion of the cosmos [7] . See also Famaey & McGaugh [21] for a review on MOND. Some particular aspects of galactic dynamics, such as observed regularities in the properties of dwarf galaxies Kroupa [22] , Kroupa, Pawlowski & Milgrom [23] , are illustrated within the context of MOND quite better than CDM paradigm.
Using our new modified Poisson equation, and also the averaging procedure of backreaction cosmology [24] [25] [26] [27] , in Sec. 3 a governing modified Hubble parameter of the present model is derived. Then, in Sec. 4, the main cosmic implications of the new model is surveyed. Among others, we have derived the evolution of the scale factor, Hubble parameter, deceleration parameter, equation of state and adiabatic sound speed. Furthermore, in Sec. 5, the Type Supernovae Ia (SNIa) data of [28] and Hubble parameter data of [29] are used to derive the basic parameters of the theory. Also, we have shown that the predicted age of the Universe based on this model is compatible with the inferred age of the oldest stars. A forthcoming work will use the angular size data to estimate the parameters of this model [30] .
The non-Gaussianity of Hubble data is shown and its implications are discussed in two separate directions. First, we have shown that by excluding the data with uncertainties higher than 10%, one may resume the Gaussianity of the results. Second, it is discussed in Sec. 6.2 that the Hubble parameter data of redshifts between 1 < z 1.5 show a significant difference with the predictions of ΛCDM and MOD. By observing a superposition of two Gaussian distributions in the results, we conclude that the discrepancy in 1 < z 1.5 might be due to the averaging issues at larger scales.
In Sec. 6.1, we search for the implications of Neumann B.C. from action-principle point of view. Previous works including Maldacena [31] , Anastasiou & Olea [32] equiv-alence of Einstein and conformal gravity under Neumann B.C. and also Chakraborty [13] , Krishnan & Raju [33] proposal of the existence of a well-posed Neumann (B.C.) have been discussed. The surface term introduced by Chakraborty [13] , Krishnan & Raju [33] has the peculiarity that it vanishes for a four dimensional spacetime. In particular, we have shown that by assuming some conditions on scalar potentials, our choice of Neumann B.C. in Sec. 2 could be derived based on the procedure that Chakraborty [13] , Krishnan & Raju [33] define.
In Shenavar [14] , the existence of a cosmological constant Λ is assumed to ensure the existence of a late time epoch of accelerated expansion. Here, however, the Λ term is abandoned and we will show that the modified Hubble parameter derived from imposing a Neumann B.C. -which includes a term proportional to H similar to Veneziano ghost of QCD [34, 35] -would naturally lead to an accelerated expansion of the universe with an equation of state parameter approaching to w < −1 at later cosmic times. Unified models of dark matter and dark energy such as generalized Chaplygin gas Bento, Bertolami & Sen [36] , k-essence Scherrer [37] and Bose-Einstein condensation model Fukuyama, Morikawa & Tatekawa [38] has been proposed before. We will compare the results of MOD with these models and also MOG (modified gravity of Moffat) which is a model of dark matter (plus Λ as dark energy) in following. As Valentino, Melchiorri & Silk [40] have reported, a deviation from ΛCMB model could be found in CMB data which might be interpreted as an indication for modified gravity.
A new model of modified dynamics
In this section, we use the variational method of Weinberg [41] , chapter 5, to find the Taylor expansion of GR field equations. One may also see Bardeen [3] , Mukhanov, Feldman, & Brandenberger [4] , Bruni et al. [5] , Malik & Wands [6] for precise descriptions of the general perturbation theory of Einstein field equations. We assume a flat Friedmann-Lemaitre-Robertson-Walker (FLRW) background metric disturbed by the perturbation of the local universe. Neglecting vector and tensor perturbations in local metric, due to their small contributions, one could write ds 2 = −(1 + 2Φ)dt 2 + R 2 (t)(1 − 2Ψ)δ i j dx i dx j (1) in which R(t) is the scale factor and the potentials Φ and Ψ are functions of spacetime, i.e. Φ = Φ(t, x, y, z) and Ψ = Ψ (t, x, y, z). Our notation is very close to Weinberg [41] , though, as a deviation from Weinberg's notation, we keep a(t) for the dimensionless scale factor a(t) ≡ R(t)/R 0 in the following. One should note that the two scalar potentials are distinct degrees of freedom. In fact, the potential Φ is a generalization of the Newtonian potential because it specifies the particle acceleration while the potential Ψ is the 3-curvature perturbation of the surface t = cte. While, many works consider the two potentials to be the same, the key assumption of this work is that these potentials could be essentially different.
Using the above metric 1, it is now straightforward, though tedious, to derive the local and background terms of Christoffel symbols, Riemann, Ricci and Einstein tensors. These quantities have been already reported for the full perturbation metric, i.e. including vector and tensor terms in addition to scalar potentials, by many authors Bardeen [3] , Mukhanov, Feldman, & Brandenberger [4] , Malik & Wands [6] , Weinberg [41] . For the sake of brevity, here we only report Christoffel terms and elements of Einstein tensor which will be needed in the following.
The Christoffel symbols, up to first-order terms, are Γ 0 00 =Φ (2)
while the components of Einstein tensor, neglecting terms higher than first order, are as follows
All terms which are higher than the first order have been dropped in previous formulas.
The right hand side of the Einstein field equation, i.e. the energy-momentum tensor T µν , could be decomposed to pure time-dependent zero-order terms ρ and P, and also spacetime dependent first-oredr perturbations as follows
x, y, z) and π S = π S (t, x, y, z) are respectively the local density, pres-sure, velocity and scalar anisotropy perturbations [41] . This last term, i.e. π S , displays the deviation from the perfect fluid model. In this work, the vector and tensor parts of the anisotropic stress tensor will be neglected. Also, for the sake of brevity, the dependency to spacetime parameters (t, x, y, z) are not shown. It should be noted that the velocity perturbation could be decoupled into scalar and vector parts, i.e. δ u i = ∂ i δ u + δ u V i ; though, here we only consider the scalar share in the velocity perturbation δ u. Now, one could use the energy-momentum conservation equation, i.e. ∇ µ T µν = 0 to derive the next up-to first-order conditions (9) in which κ = 8πG is a constant, by using Eqs. 3 and 4. For example, by using the i j components of the Einstein equation, one could find
which is reported in many classical literatures on cosmic perturbation theory. See, for instance, Bardeen [3] and Mukhanov, Feldman, & Brandenberger [4] . The most general solution to Eq. 10 could be written as
The fact that we expect the perturbations to be statistically homogeneous and isotropic, sets the first three functions to zero, i.e. A 1 (t, x) = A 2 (t, y) = A 3 (t, z) = 0. On the other hand, it could be shown that a pure time-dependent function c 1 (t) does not change the homogeneity and isotropy of the system under consideration. In fact, because the dynamics of universe at its largest scale is only time-dependent, the difference between two scalar potentials due to local perturbation could be considered as a time-dependent function c 1 (t). However, as we have shown in A, a time-dependent function c 1 (t) would results in three independent cosmic equations, i.e. two modified Friedmann equations plus a modified conservation equation. Such system of equations is mathematically possible; though, it's dynamical behaviour could be completely different from that of standard model. On the other hand, by assuming a time-independent constant, i.e. c 1 = cte, one obtains a model for which only two cosmological equations, out of three, are independent. See A for the details. Also, as we will show in the following, the existence of this term c 1 = cte does not alter the form of the governing Einstein equations because its space and time derivatives are zero. However, the geodesic equations will be modified now. The main idea of this work is to survey the results of such modification, i.e. c 1 = cte, as an opportunity within the mathematical framework of GR, to address the problematic issues of the dark components of the universe. See also a discussion in Sec. 6 for the implications of c 1 = 0 for the local metric.
If one assumes c 1 = 0, then the usual formalism of the standard cosmology could be derived readily. This choice could be interpreted as imposing Dirichlet boundary condition in solving equation 10. On the other hand, a nonzero c 1 could be seen as imposing Neumann boundary condition Shenavar [14] .
Choosing Neumann B. C.
one could rewrite Einstein field equations as
while the components of energy momentum conservation could be found as follows:
in which pure time dependent terms are distinguished with an underbrace. As one could see from Eqs. 12 and 13, as a result of adding c 1 to the solution of Eq. 10 there appears no modification in the zeroth-order (pure time-dependent) GR equations.
In the rest of this section, we will consider the modifications due to Eq. 11 on the trajectories of massless and massive particles. This is essential in understanding the present model and it has been discussed before [14] ; though, here we will use the modified Poisson equation introduced in Shenavar [15] , Shenavar & Ghafourian [20] to build a full cosmological description through finding a modified dynamical term of cosmic energy. After finding this term which we will name ρ c 1 , we will derive the modified Friedmann equation and survey its implications in cosmology.
Trajectory of Particles
To find the trajectory of a massless particle, we will use the method of perturbative geodesic expansion introduced by Pyne & Birkinshaw [42] . See also Pyne & Carroll [43] for an extension of the method. To derive trajectory of a photon, the tangent vector, i.e. v µ = dx µ /dλ , must be null v µ v µ = 0 and geodesic dv µ dλ = −Γ µ αβ v α v β at any order. Assuming k and l to be the tangent vector at zeroth and first order respectively, the null condition would provide us with
while the time and spatial components of the geodesic equation of the photon ( at first order) would become
in which we have used Christoffel symbols 2. Here, the zero-order terms of the geodesic equation have been neglected.
The evolution of l 0 , i.e. Eq. 16, essentially illustrates the change in the redshift of photons when they pass through a gravitational well. This equation is the basis for the discussion of the Sachs-Wolfe effect in CMB physics. The changes that the presence of a Neumann constant c 1 introduces to the CMB analysis will be briefly discussed in Sec. 7 and in more details in a future work.
The solution to Eq. 17, on the other hand, describes the deviation in photon trajectory while passing through a gravitational potential which results in lensing equation. In fact, using Eqs. 14 and 15 to replace k 0 and l 0 in Eq. 17 respectively, and also neglecting the terms like HΦ and Hl because of their minute role at local physics, one can finally derive the governing equation of the spatial components as
in which the gradient transverse to the trajectory ∇ ⊥ is defined as follow
The deflection angle α ≡ − ∆ l k 0 , in which ∆ l = dl dλ dλ , could be simply derived as reported in Shenavar [14] . We stress the fact that the above modified trajectory is derived based on the method of Pyne & Birkinshaw [42] . However, if one hastily considers the usual lens formula of α ∝ ∇ ⊥ (Φ + Ψ )dλ and replace Ψ from Eq. 11, then there remains no modified term proportional to c 1 . On the other hand, by first deriving the deflection value dl/dλ at any point of the trajectory as Eq. 18, and then integrating over all geodesy of the photon dl dλ dλ , one could retain the role of c 1 . The difference between the two methods is that in Pyne & Birkinshaw [42] method, which we used here, one has to use Eq. 15 to replace the value of l 0 into Eq. 17 which is a more appropriate approach.
The term c 1 cṘ R in the lens equation provides an acceleration of the order of 10 −10 m/s 2 to 10 −11 m/s 2 depending to the value of c 1 . The new lens equation has been tested against a sample of ten strong lensing systems [14] and it has been shown that the estimated masses of these systems are within the observed values except for the case of Q0142-100 lensing system. The evaluated mass of this system shows about 7.5% deviation compared to the lower observed bound. This case is not in strong contradiction with the model regarding the possible sources of uncertainties such as uncertainties in positions of images, the impact parameter and approximating the lenses as spherical system.
The above method also changes the geodesics of massive particles. The key point here is that in GR, one has to use geometrodynamic clocks to measure spacetime in-tervals and dynamical observables such as velocity, acceleration etc. [14] . Geometrodynamic clocks use particles in free fall and light signals to measure space and time. See Ohanian [44] , chapter 5, for a review on spacetime measurement through geometrodynamic clocks. Thus, a modification in the geodesy of light rays would consequently result in a change in measurement's outcome. See Sec. 6.4 for a related discussion on geometrodynamic clocks and the implications of the key theorem of Ehlers, Pirani & Schild [45] (EPS). Accordingly, in Shenavar [15] , it has been shown that this model is governed by the next modified Poisson equation 1
where
is supposed to eradicate the need for dark matter at galactic scales. At galactic scales, the time evolution of H(t), R(t) or δ ρ m (t, x ′ ) is not important because usually the time period that one considers the galaxy is much shorter than the cosmic time for which H(t), R(t) and δ ρ m (t, x ′ ) change considerably. Of course, the problem of galactic evolution is an exception. Also, in this work we deal with cosmic evolution; thus, it is important to include the time evolution of these factors.
One could evaluate δ ρ c 1 by integrating Eq. 20 over the space in which δ ρ m (t, x ′ ) is nonzero. This is a nontrivial work; although, it could be done at least numerically. However, the important point is that the integral in Eq. 20 has the dimension of mass per scale length. The mass derived from this integral could be simplified with the mass in the denominator of Eq. 20. Thus, at the end, the new density δ ρ c 1 could be written as
where L 0 is the scale length of the system at present time and l(t) is a dimensionless function which varies with time due to the evolution of the size of the structure. We assume for the sake of simplicity that the constant dimensionless parameter which emerges from integration in Eq. 20 has been absorbed in the parameter L 0 .
If there was no collapse of the structures due to gravity, one would have expected that in an expanding universe l(t) grow exactly as R(t), i.e. l(t) = R(t). However, due to the gravitational interaction, the ratio of ζ (t) = R(t) l(t) is in general a time dependent factor. Because, in this work we assume relatively low-redshift data, for which the the matter and dark energy dominate the energy content of the universe, one can estimate the ζ as a power-law function of the dimensionless scale factor, i.e.
However, we should mention that for a problem with a broader range of redshift, for example CMB physics, one might need a more general function of time for ζ . Using the above definition of ζ , the modified energy density of this model is as follows
in which the value of ε would be determined through data analysis. In Sec. 5 we will find, based on the Hubble parameter and SNIa data, that the value of ε is most probably about 0.15. The effect of changing ε on data fittings is also discussed. On the other hand, as we will see in the following, the exact value of L 0 would not be needed in building a cosmological model because, the dimensionless density parameter related to δ ρ c 1 is independent of the scale length L 0 .
In classical hydrodynamics of fluids, within the context of Newtonian mechanics, one does not expect that adding a constant to the gravitational potential result in any change in the final physics. The reason is that the gravitational effects are introduced to the governing equations through the force (not the potential). On the other hand, in general relativity, the two scalar potentials are basically independent. Regarding this point, the coupling between zero-order and first-order terms of metric, i.e. H and c 1 respectively, introduces a nontrivial term of the order of de Sitter scale of acceleration cH 0 as we saw above. Finally, it is easy to observe that the MOD model reduces to old results in the limit of Dirichlet B.C. c 1 = 0; though, the vice versa is neither correct or necessary according to "correspondence principle". Thus, the absence of Neumann B.C. in classical theory of Newtonian gravity could not be generalized to GR Shenavar [14] .
Modified Hubble Parameter
Backreaction cosmology [24] [25] [26] [27] , tries to find the effects of inhomogeneities on background metric to explain the accelerated expansion of the universe. Thus, backreaction literature have produced a rigorous mathematical framework to study different perturbative orders and their averaging process which we will use here. In the following, the local and background quantities are displayed by l and b indices respectively. Assuming this, the local perturbation equations can be written as
which, by considering the negligibility of background parameters such as ρ, P, H 2 ,R, compared to the local density of galaxies and clusters, could be rewritten as
in local universe. See table (5) of Jacobs, Linder & Wagoner [46] for order of magnitude estimations of the ratios of localto-global density and pressure at different scales. The time evolution of the cosmos, at its largest scales, could be derived by finding the spatial average of the inhomogeneities. Although, the process of spatial averaging of Einstein field equations is still debatable [47, 48] , in the literature related to cosmology, (especially backreaction cosmology ) it is customary to use the next definition [49] A
to find the spatial mean of any inhomogeneities A(t, x). Here, h is the determinant of the perturbed metric on hypersurface of constant time. In this way, the background Einstein equation is as follows
by which one could see that because the spatial average of all space-dependent components of the Einstein field equations -including Φ, δ ρ m , δ P, δ u, π S -would vanish, only pure time-dependent terms would survive. These terms are shown with underbrace in Eqs. 12 and 13. Also, the term δ ρ c 1 would survive because, as one could see from Eq. 22, this term is pure time dependent after integration. We will show the average of δ ρ c 1 as ρ c 1 , i.e. ρ c 1 ≡ δ ρ c 1 . Using this process of spatial averaging, one could derive from Eq. 12 and 13
in which now the total density of the universe consists of radiation ρ r , baryonic matter ρ m and the term due to our modification ρ c 1 which is defined in Eq. 22. In other words, we have ρ = ρ m + ρ r + ρ c 1 .
In the present work we neglect the cosmological constant Λ in contrast to the procedure that was used in Shenavar [14] . As we will discuss below, a term proportional to H in the Friedmann equation could provide an accelerated expansion in recent cosmic time.
The first two equations of 26 can be rewritten as
in which we have resumed the role of the curvature constant k for the sake of completeness and future references. Here, the parameter k is different from the zero-order wave vector k µ (and k) in the previous section. The values of k = 1, 0, −1 refer to closed, flat and open universes respectively. These equations have essentially the from of Friedmann equations because, as we saw above, the form of Einstein equations remains unchanged in our approach. However, the energy content of the universe is now changed due to the presence of ρ c 1 , i.e. the modified dynamical energy. In addition, one can rearrange the conservation equation, i.e. the third equation of 26, as
which could be dealt with more easily because the timedependency of the parameters is now implicit.
In this work we assume that the energy density of the universe is only due to radiation ρ r , baryonic matter ρ m and Neuamnn term ρ c 1 . We will find that in this modified cosmological model, a large portion of the energy content of the universes is due to this last term. Including the effect of Neumann B.C. through ρ c 1 one has the total density as ρ = ρ m + ρ r + ρ c 1 . If these cosmological components are noninteracting then the conservation equations, i.e. Eq. 28, holds separately for each component. Also, one could assume an equation of state of the form P i = w i ρ i in which we have used indices i = m, r, c 1 for matter, radiation and c 1 components respectively. Then, it is possible to show that for dust with P = 0 one has ρ ∝ R −3 while for radiation with P = 1/3ρ one derives ρ ∝ R −4 . The total equation of state parameter, i.e. w, is time dependent. We will see in the following that w c 1 is also time dependent.
It is worth noticing that there is a fundamental difference between ρ r and ρ m on one side, and ρ c 1 on the other. The point is that although ρ r and ρ m are related to physical substances, namely radiation and matter, the term ρ c 1 is due to the modification of dynamics. In fact, as one can see from the definition of ρ c 1 , this term is related to Hubble parameter H and scale factor; thus, from conceptual point of view it might be even more appropriate to put it on the left hand side of Friedmann equation 27 because it is more similar to H 2 . However, since we want to compare our results with those of ΛCDM, we treat this term as a density and keep it on the lhs of 27. Of course, the results of the two approaches would be identical because they are mathematically equivalent.
In cosmology, it is well-known that working with dimensionless densities, i.e. the density parameters Ω , is easier than working with the physical densities ρ i . Defining the density parameters as
one could rewrite the first Friedmann equation in Eq. 27 as follows
in which Ω 0,i is the i-th density parameter at present time
In definition of a(t), the parameter z represents the redshift. From Eq. 30 one could see that for the curvature density parameter we have Ω k (t) = 1−∑ i Ω i (t). While other density parameters are positive by definition, the curvature density parameter could be positive, negative or zero depending to the the value of ∑ i Ω i (t).
Eq. 30 could be simply solved to derive the Hubble parameter H(t). By doing so, one finds
± Ω 2 0,c 1 ζ 2 (a) + 4(
which is the key formula for our following discussions. Imagine that Ω 0,k 0, i.e. k 0. Then, the plus sign in Eq. 31 represents an expanding universe, i.e. H > 0, while the minus sign shows a contracting cosmos with H < 0. On the other hand, when Ω 0,k < 0, i.e. k > 0, then at some normalized scale factor a the value under the square root in Eq. 31 could be negative which makes the Hubble parameter imaginary and so the real part of the scale factor would be oscillatory. However, when this value is non-negative, then the Hubble parameter could be positive or negative, depending to the sign of ± in Eq. 31, and so we might have an expanding or contracting universe in this case. As we will see in the next section, Ω k can be neglected in our universe. It is insightful to compare the behavior of the current model with that of the ΛCDM model. The Hubble parameter in ΛCDM cosmology is as
in which Ω 0,Λ ≡ Λ /3H 2 0 is the density parameter of the cosmological constant while the definitions of the other parameters have been presented above. Again, it is possible to introduce an expanding (contracting) universe with H +ΛCDM (H −ΛCDM ). Of course, we will consider an expanding universe.
Models of the universe with variable cosmological terms have been repeatedly proposed before. See Overduin & Cooperstock [50] , especially Table I , for a review on variety of these models. In fact, there have been previous papers suggesting models with a dark component which its energy density is proportional to Hubble parameter, i.e. Ω ∝ H(t). The behavior of such models are somehow similar to the present model, though, their origin is far different. These models are proposed based on Veneziano ghost of QCD. This ghost is considered as unphysical in the usual Minkowski spacetime. However, it could lead to interesting cosmological consequences in dynamical spacetimes or spacetimes with nontrivial topology. See Cai, Tuo & Zhang [34] , Cai et al. [35] and references therein for more details. Assuming Λ QCD ≈ 100MeV as the mass scale of QCD, one could show that Λ 3 QCD H is of the order of observed dark energy density. This coincidence makes the Veneziano ghost model particularly interesting.
Cai, Tuo & Zhang [34] have shown that a Veneziano ghost leads to a late time de Sitter phase of the universe and its acceleration expansion at z ≈ 0.6. They have used observational data of big bang nucleosynthesis, baryon acoustic oscillation, type Ia supernovea, Hubble parameter data and cosmic microwave background to estimate the free parameters of the model. The best-fit values of the parameters of Veneziano dark energy model leads to a minimum of the probability distributions χ 2 which is about 10% larger than the minimum of χ 2 derived from ΛCDM. In both models the existence of the dark matter is presumed. Their study has been expanded by Cai et al. [35] to include a more general model which includes two terms proportional to H and H 2 . This latter model too approaches a de Sitter phase while it begins to accelerate at z ≈ 0.75. Also, according to Cai et al. [35] , the data analysis of the growth factor based on this latter model shows a fit as well as those of standard model.
It is worth mentioning that by imposing Dirichlet B.C., i.e. simply putting Ω 0,c 1 = 0 in our equations, Eqs 30 and 31 reproduce the Hubble parameter of the conventional cosmology without a cosmological constant. Therefore, our model includes ΛCDM without Λ . However, as we will see in the following, this model could provide an accelerating expansion without assuming the cosmological constant.
Cosmic Implications of the New Model
In this section, we will outline the main cosmological consequences of the present model. Throughout this section we will assume that the Universe is flat, i.e. Ω 0,k = 0. Also, in all plots of this section, the matter density of the MOD model is assumed to be Ω 0,m = 0.15 and Ω 0,m = 0.15. These values are the lower and upper limit of matter density according to our data analysis in Sec. 5. Also, we assume ε = 0.15 which is also based on our survey in Sec. 5. The results of ΛCDM model is also provided, for comparison, for which we have assumed Ω 0,b+cdm = 0.3. For both models, the present radiation density is considered as Ω 0,r = 5 × 10 −5 .
We first start by discussing the evolution of the scale factor. Then, the behavior of the Hubble parameter is surveyed and it is proved that the deceleration parameter converges to < −1 for a flat universe. This behavior ensures an accelerating expansion at later cosmic times. Moreover, we will derive the equation of state parameter and the sound speed. Fig. 1 The evolution of scale factor a as a function of dimensionless cosmic time τ ≡ H 0 t for Ω 0,r = 5 × 10 −5 , two values of baryonic density namely Ω 0,m = 0.15 and 0.25, and also Ω 0,c 1 = 1 − Ω 0,r − Ω 0,m . In addition, we have assumed ε = 0.15. The evolution of the scale factor a in ΛCDM model is also shown by solid line. Furthermore, it is shown that our model reproduces a viable sequence of cosmic eras. Also, the luminosity and angular diameter distances are found to be significantly different at z 2 making a good opportunity to contrast the model with ΛCDM at high redshifts in future works.
Evolution of the Scale Factor
In a flat expanding universe, one could see from Eq. 31 that the evolution of the dimensionless scale factor is governed by
+ Ω 2 0,c 1 a 2 (τ) + 4( Ω 0,m a(τ) + Ω 0,r a 2 (τ) )) in which τ ≡ H 0 t is the dimensionless time. This differential equation is solved numerically for two values of Ω 0,m and the initial value of a(0) = 1 and the results are reported in Fig. 1 . The evolution of the scale factor in ΛCDM model is also shown by a solid line which closely follows a Neumann cosmology with 0.15 Ω 0,m 0.25.
Apart from this numerical solution, one could find the time dependency of the scale factor in some special cases. For example, in early universe the share of the radiation dominates the rhs of Eq. 33. In this case the scale factor could be derived as a(τ) ∝ τ 1/2 . Also, in later times the matter term dominates the rhs of Eq. 33 and so we derive a(τ) ∝ τ 2/3 . Finally, at later epochs the terms corresponding to matter and radiation vanish and Ω c 1 starts to govern the cosmic evolution. Here, if the structures are frozen and so we have ε = 0 because l(t) and the scale factor R(t) in δ ρ c 1 have the same evolution, then, the solution to Eq. 33 would be exponential, i.e. a(τ) ∝ exp(Ω 0,c 1 τ). These last three statements could be easily derived from Eq. 33. On the other hand, if the size of the structures still changes and thus ε = 0, then, we need to numerically solve for the solutions. 
Hubble and Deceleration Parameter
From Eq. 31, one can readily plot the Hubble parameter as a function of the scale factor as you may see in Fig 2. In early cosmic time, the behavior of Hubble parameter in MOD is quite similar to that of the ΛCDM model, though the value of Hubble parameter in the former is generally smaller than the latter for a < 1. However, the behavior of H for a > 1 is completely dependent to the future evolution of ζ (or ε). The curves in Fig. 2 are graphed for ε = 0.15; though, if the structure stops growing in future, i.e. ε = 0, then we will have a flat evolution for Hubble parameter at a > 1.
The deceleration parameter q is defined as
The Friedmann equations have been used to derive this last expression. The evolution of q is graphed in Fig. 3 in which one observes q = 1 in radiation-dominated era, then q = 1/2 in matter-dominated epoch and finally q ≃ −1.2 in future cosmic times. Also, to plot q as a function of the normalized scale factor, we have also used the next identity
which converts time derivative of any quantity to its derivative with respect to a. The present time negativity of the deceleration parameter is indeed needed to fit observational data to the model as we discuss in Sec. 5. It is also worth noting that for a model with ε = 0 (similar to QCD ghost model) one would have a similar behavior except that in future cosmic time q = −1. This is not plotted here.
The negativity of the deceleration parameter at late cosmic time has an important effect on the arguments related to the value of the current cosmic curvature. In fact, using the definition of Ω k one could derive the time derivative of the curvature density parameter asΩ k = 2Ω k Hq. Then, if Ω k has some nonzero value at very early universe, the late-time negativity of q ensures that the value of Ω k becomes negligible at present. However, by assuming c 1 = 0, i.e. imposing Dirichlet boundary condition, the parameter q would always be positive and the Ω k would not be negligible. This is one of the reasons that one needs cosmological constant Λ in the standard model.
Evolution of Equation of State Parameter and Sound Speed
In a flat universe, the total equation of state parameter w t could be derived from Friedmann equations as follows
Now one could simply plot w t (a) as shown in Fig. 4 by using the conversion formula of 28. As this graph shows, the value of w t is initially very close to 1/3 because the universe starts from a radiation dominated era. Then, in a matter dominated era w t approaches very rapidly to zero. Finally, at later times w t (a) converges (from above ) to w ≃ −1.2 which results in an accelerating expansion of the universe. Therefore, in a completely Ω c 1 dominated universe, the equation of state must be lees than to −1 for ε > 0. It is worthy to note that the curves with smaller Ω 0,m tend to w = −1 more quickly because the share of Ω 0,c 1 is larger in these cases. Also we point out that the parameter w t of the ΛCDM model coincides (approximately) with 0.15 Ω 0,m 0.25 of the present model. See Fig. 4 .
Another important quantity to be compared with its ΛCDM counterpart is the sound speed. For a barotropic fluid, in which the pressure is only dependent to the density ρ, the sound speed is defined as c 2 s =Ṗ/ρ. This quantity is sometimes called adiabatic sound speed because in such medium the entropy per particle is assumed to be constant. As mentioned above, the only physical quantities in MOD model, as in ΛCDM, are radiation and (baryonic) matter. Thus, the sound speed could be found from Friedmann equations as c 2 s = (Ṗ r +Ṗ m )/(ρ r +ρ m ). Using this equation, and changing the time derivatives to derivatives with respect to scale factor Eq. 35, one could plot the sound speed as Fig. 5 . The sound speed squared in radiation-dominated era is about 1/3 while in matter dominated era, an beyond, tends to zero. The important point here is the positivity of the sound speed of MOD which results in a bounded (non-exponential ) rate of the structure formation. Also, from c 2 s one could find the angular size of the sound horizon of MOD and compare it with that of the ΛCDM model. This will be done in future.
Sequence of Cosmological Epochs
It is easy to check that the present model starts from an unstable radiation dominated mode, then proceeds toward a matter dominated era, which is also unstable, then ends its evolution at a stable epoch of Ω c 1 domination. See Fig. 6 . In this plot we have assumed that Ω 0,r = 5 × 10 −5 , Ω 0,m = 0.25 and Ω 0,c 1 = 1 − Ω 0,m − Ω 0,r . One could easily check that by choosing other fractions of Ω 0,c 1 and Ω 0,m and keeping the radiation density at the order of Ω 0,r ≈ 10 −5 , similar behaviors would emerge.
In some alternative cosmologies, the sequence of cosmological epochs is not necessarily as described above. If this happens, one might encounter problems in dealing with the formation of structures in a matter dominated era. For example, Amendola et al. [51] have proved that f (R) models of the forms f (R) = αR −n and f (R) = R + αR −n do not show a viable matter-dominated epoch prior to a late-time acceleration for any n > 0 and n < −1. In some cases of f (R) theories, the matter dominated epoch is replaced by an era of cosmic expansion in which the scale factor varies as a ∝ t 1/2 which is cosmologically unacceptable.
Moreover, in the case of scalar-tensor-vector theory of Moffat [39] , Jamali & Roshan [52] have shown that there are two radiation-dominated eras, two matter-dominated epochs and two late time accelerated phases. In the matter dominated phases, the growth of the scale factor is found to be as a(t) ∝ t 0.46 and a(t) ∝ t 0.52 slower than the growth in standard model and the present model reported above as a(t) ∝ t 2/3 . Although, it should be mentioned that as Jamali, Roshan & Amendola [53] have reported, the standard MOG possesses a valid sequence of standard cosmological eras.
Because the dimensionless density parameter of Neumann term is inversely proportional to Hubble parameter, Ω c 1 ∝ 1/H(t), it plays no significant role in early universe which is dominant by radiation and then matter. A similar situation exist in the context of the standard model of cosmology, in which Ω Λ is negligible until recent time. However, in the case of ΛCDM one deals with the cosmological constant which is very tiny Λ ≈ 10 −52 m −2 , while the present model is build on introducing a dimensionless parameter with a value much closer to unity c 1 = 0.065. Also, the density of the cosmological constant, ρ Λ = Λ c 2 /8πG is always a constant while the density of ρ c 1 varies with time according to Eq. 22.
Luminosity and Angular Diameter Distances
To compare our model with observational data in following, we need to measure distances in the universe. Here, we will study the behavior of luminosity distance
while the angular diameter distance
will be studied by Subramani, Shenavar & Kroupa [30] in future. Both distances are defined for a flat universe. The plot of luminosity distance D L and angular diameter distance D A for two values of Ω 0,m are shown in Figs. 7 and 8 respectively. The analogous curves for ΛCDM model too are presented by a solid line in both figures.
As it is shown in the left panel of Fig. 7 , the luminosity distance of the present model converges to a constant value at z 10 5 while the same curve for the ΛCDM model varies linearly. Please note that the left panel is logarithmic on both axis. Fortunately though, to compare the present model with the standard one, it is not needed to observe objects at very high redshifts. The reason is that, as it is shown in the right panel of Fig. 7 , the luminosity distance in the present model differs significantly from that of the standard model at z ≈ 4. If the baryonic content of the universe at the present time is larger than a minimal value, say Ω 0,m 0.15, then the deviation between the two models might be detectable with a precise data analysis at even z ≈ 2.0. Therefore, it seems that the luminosity distance provides one of the best possibilities to check the viability of the present model. In conclusion, we should say that although the luminosity distance of the present model is rising with increasing z, it is always smaller than D L of ΛCDM at the same redshift. In fact, D L of ΛCDM acts as an upper boundary of D L predicted by the present model.
One of the most important consequences of changing the value of D L is that now the absolute visual magnitude M V of the objects observed at high redshifts has to be modified (compared to the values derived from standard model). Assuming the apparent visual magnitude as m V , the relation between these two magnitudes is
in which D L,0 is some constant distance, say 10 pc for near objects or 1 M pc in cosmological measurements. Then one could simply prove that
in which M V,MOD is the absolute visual magnitude in our modified model, M V,ΛCDM is the absolute visual magnitude in the standard model, D L | MOD is the luminosity distance in the present model and finally D L | ΛCDM is the luminosity distance of the standard model. As it is clear from above equation, the fact that the luminosity distance in the present model is approximately equal or smaller than that of the standard model leads to the fact that the absolute visual magnitude of the objects would be approximately equal or larger than the absolute visual magnitude of the standard model. This point must be included especially when one deals with objects at higher redshifts.
In addition, the change in D L could affect the mass estimations in lensing problem if they lie at relatively high redshifts. In the lensing sample which were used in Shenavar [14] , the lenses lie at redshifts 0.2 ≤ z ≤ 0.86. Depending to the value of Ω 0,m and Ω 0,c 1 , the mass estimation of lenses at higher redshifts might be affected.
The angular diameter distance of the present model too, is (almost) always smaller than D A of ΛCDM as shown in Fig. 8 . The value of D A for both models decreases when z 2, though the decline of D A in the present model occurs more rapidly. The angular diameter distance provides a good opportunity to confront different cosmological models through the famous "angular size -redshift" problem. See Gurvits, Kellermann & Frey [54] for example. A comparison between ΛCDM model and some other cosmologies, including the present one, based on angular size -redshift data is currently in preparation [30] .
Data Analysis
In this part, we will use SNIa data, Hubble parameter data and age of the oldest stars to check the reliability of the model and estimate its fundamental parameters.
SNIa and Hubble parameter data
In this work, we will use two data sets of Type Ia Supernovae (SNIa) and Hubble parameter measurements to test the viability of the model. To find the constraints on the parameters of the present cosmological model, i.e. Ω 0,m and H 0 , we calculate the χ 2 function for these two data sets. The Type Ia Supernovae (SNIa) data is derived from Kowalski et al. [28] which originally includes 414 data points of "Union". Some of these data points, such as 3σ outliers, points with insufficient early data etc., are excluded and finally we are left with 307 points SNIa. The χ 2 for SNIa data is defined as
in which µ th = 5 log 10 ((1 + z) z 0 dx/H(x)) + 42.384 is the theoretical distance modulus while µ obs is the observed one, σ µ represents the uncertainty in µ obs and n SN = 307 is the number of data points.
The Hubble-redshift data, on the other hand, is derived from Farooq et al. [29] . This data set includes 38 observations, most of which suffer from very high uncertainties in Hubble value. The χ 2 for the Hubble parameter data is also defined as [28] and Hubble [29] . Hubble (38) represents all data of [29] while Hubble (12) is based on those data with uncertainty less than 10 %. The results from SNIa and Hubble (12) are more reliable because these data sets have (almost) Gaussian probability distributions.
ΛCDM

Modified Dynamics Data
The two dimensional probability distribution in (H 0 , Ω m ) plane is proportional to ( see Press et al. [55] , chapter 6)
in which ν is equal to the number of data points minus degrees of freedom (= 2 in our models). The normalization factor could be found as
and then one could derive the one-dimensional probability distributions as P(H 0 ) = ∑ Ω 0,m P(H 0 , Ω 0,m ) and P(Ω 0,m ) = ∑ H 0 P(H 0 , Ω 0,m ). Moreover, the mean and the standard deviation of the Hubble constant is defined asH 0 
The same could be defined for the matter density by replacing H 0 by Ω 0,m into the last two formulas. Also, we will use the goodness of fit parameter Q = Γ (ν/2, χ 2 min )/Γ (ν/2), to check the quality of the fits.
The main results of the data analysis are reported in Tab. 5.1 and Figs. 9 to 14. According to Tab. 5.1 and Fig. 9 the values of the cosmic parameters H 0 and Ω 0,m in MOD are typically smaller than ΛCDM model. Within the context of ΛCDM model and by minimizing the χ 2 SN distribution of SNIa data, one finds that the most probable values for Hubble constant and matter densities are H 0 = 69.8km/s/M pc and Ω 0,m = 0.29 respectively. The mean and the standard deviation of these two values are also found as H 0 = 70.0 ± 1.6(km/s/M pc) and Ω 0,m = 0.28 ± 0.07. On the other hand, based on minimizing the χ 2 H distribution of Hubble parameter data, one obtains H 0 = 70.0km/s/M pc and Ω 0,m = 0.26 respectively, for the concordance model. The mean and the standard deviation of the Hubble parameter and matter density are also found as H 0 = 68.3±3.7(km/s/M pc) and Ω 0,m = 0.29 ± 0.06 which is overlapping with SNIa data. To derive these results we have assumed ε = 0.15.
Assuming MOD and for ε = 0.15, the χ 2 SN is minimized for this case at the point (H 0 , Ω 0,m ) = (69.9 (km/s/M pc), 0.21) while the mean and the standard deviation of the two fundamental parameters are found to be H 0 = 69.6±1.8(km/s/M pc) and Ω 0,m = 0.23 ± 0.07 respectively, for this data set. However, when χ 2 H is minimized, one would find that (H 0 , Ω 0,m ) = (67.4 (km/s/M pc), 0.24) while the mean and the standard deviation of the parameters are found as H 0 = 66.±4.6(km/s/M pc)
and Ω 0,m = 0.27 ± 0.07. Thus, the matter density in MOD is generally lower than ΛCDM.
The fits to both models are generally acceptable as it could be seen from Fig. 10 . Also, from Tab. 5.1 one could see that the chi-by-eye rule, i.e. the requirement that the value of χ 2 should be of the order of the data minus the degrees of freedom χ 2 /ν ≈ 1, provides reasonable values for both models. However, the value of χ 2 /ν ≈ 1 for SNIa data set is closer to one than the Hubble data. The goodness of fit parameter Q also provides satisfactorily results, i.e. Q ≈ 1 for both models and both data sets. Although, one should note that the value of Q for Hubble data is in fact to good to be true because it is too close to one. This is, of course, due to high uncertainties in the Hubble data, i.e. the measurement errors are overestimated. See [55] , page 779-780 for the implications of a Q ∼ = 1 fit. This problem motivates us to check the probability distribution of both data sets. As it is shown in Fig. 11 , the probability distributions of SNIa, for both ΛCDM and MOD, are close to Gaussian distribution. Although, there is a slight tilt from pure Gaussianity which is due to the fact that we have chosen a χ 2 probability distribution that includes a term of the form (χ 2 ) ν/2−1 . On the other hand, the PDF plots for Hubble parameter data are far from Gaussian as one may see from Fig. 11 . In physical sciences, experimental data are expected to show a Gaussian distribution because of the central limit theorem. In fact, the Hubble data in Fig. 11 seem to be a superposition of two Gaussian distribution. We will discuss on implications of such possibility in Sec. 6.2.
The non-Gaussianity of the Hubble parameter data has rarely been discussed before. An exception is the work by Singh et al. [56] who use Kolmogorov-Smirnov statistic to show that the uncertainties in Hubble parameter data are non-Gaussian. To remove these two problems, i.e. Q ∼ = 1 for goodness of fit and the non-Gaussianity of the Hubble data, we have chosen 12 data points from Hubble data of Farooq et al. [29] (out of total 38), with uncertainties less than 10%. This new data set is named Hubble (12) in figures and Tab. 5.1 while the original data of Farooq et al. [29] is represented by Hubble (38) . With these reduced data set, i.e. Hubble (12) , the data are now found to be more closer to the Gaussian distribution as you may see from 11. Also, for this new data set the goodness of fit parameter Q is not very close to one any more as you may see from the third row of data in Tab. 5.1. Thus, we conclude that Hubble (12) data is more reliable than Hubble (38) .
For Hubble (12), one could see that assuming ΛCDM model, χ 2 H is minimized at the point (H 0 , Ω 0,m ) = (69.9, 0.21). Furthermore, for ΛCDM model, the mean and the standard deviation are H 0 = 69.5±1.8(km/s/M pc) and Ω 0,m = 0.23± 0.07. These results are overlapping with the parameters derived from SNIa; however, as one could see, the difference between the two obtained Ω 0,m is not negligible. Compare the first and the third row in Tab. 5.1.
On the other hand, the MOD model minimum point occurs at (H 0 , Ω 0,m ) = (67.2 (km/s/M pc), 0.24) while the mean and the standard deviation of the fundamental parameters are H 0 = 69.5 ± 1.8(km/s/M pc) and Ω 0,m = 0.23 ± 0.07. By comparing the derived value of Ω 0,m based on SNIa and the similar value from Hubble (12) , one would realize that the mean values are more closer compared to ΛCDM model. The confidence intervals of SNIa and Hubble (12) are shown in Fig. 12 for both ΛCDM and MOD models. The graphs are quite close to the confidence contours of SNIa and Hubble (38) as one can see by comparing Figs. 10 and 9. Although, it should be mentioned that, as it is seen in Fig. 13 , by reduc- ing the Hubble parameter data points, there appears a big gap 0.8 < z < 2.3 which is problematic. Therefore, more accurate Hubble parameter data which cover a broader range of redshift is definitely needed to draw a more robust conclusion.
From pure statistical data analysis point of view, Hubble (38) data has a peculiarity regarding its non-Gaussianity and its high Q. According to Press et al. [55] page 779, nonnormal distributions cannot make a Q ∼ = 1 goodness of fit because "normal distribution is about as compact as a distribution can be". Thus, as mentioned above, Press et al. [55] attribute the high value for the goodness of fit to the overestimating the error bars. However, as we saw here in the case of Hubble (38) data set, the non-Gaussianity and high Q could (at least) happen simultaneously while the situation can be improved by removing the data with high uncertainty.
The role of the parameter ε on confidence intervals is shown in Fig. 14. In fact, we see that by increasing ε from ε = 0.04 to ε = 0.20 with step of δ ε = 0.02 and then continuing with step of δ ε = 0.04 up to ε = 0.44, the contours of SNIa and Hubble merge together. Also, the main parameters of the model for these values of ε are reported in Tab. 5.1. It is clear from this table that with increasing ε, the parameters H 0 and Ω 0,m tend to slightly higher values. Though, this increase is more pronounced in Hubble (12) compared to SNIa data.
Another possible test for cosmological models is angular size data. [30] have used this test to constrain the basic cosmological parameters of MOD and ΛCDM. Although, it should be pointed that because the angular size data also depends on characteristic scale of the sources L, one should deal with a three parameter optimization. In addition, since the uncertainty in angular size data is typically higher than SNIa and Hubble data, the confidence intervals cover a larger area in parameter space. Anyway, the analysis by Subramani, Shenavar & Kroupa [30] shows that the χ 2 of ΛCDM is minimized at (H 0 , Ω 0,m , L) = (43(km/s/M pc), 0.20, 52) while for MOD the minimum is found at (H 0 , Ω 0,m , L) = (64.5(km/s/M pc), 0.17, 34). As you see the derived value of H 0 is significantly smaller than the same value based on other experiments (for example, SNIa and Hubble here) though the H 0 value of MOND is closer. However, the mean and the standard deviations of the parameters for both models are derived to be quite similar. For both models Subramani, Shenavar & Kroupa [30] deriveH 0 ± σ H 0 = 50.9 ± 14.4 and Ω 0,m ± σ Ω 0,m = 0.2 ± 0.11. As one may see the standard deviations based on angular size measurements are typically larger than SNIa and Hubble parameter measurements. Thus, angular size observations are not as sensitive as these two observations. See Subramani, Shenavar & Kroupa [30] for more discussions.
The Age of the Universe
One of the key issues which should be addressed by cosmological models is the age of the universe. Simply speaking, one expects that the estimated age of the universe be larger or at least equal to the oldest observed objects, i.e. stars etc. Because from the definition of the redshift one could show that dz = −(1 + z)H(z)dt, it is possible to see that the lookback time to an object at the dawn of the universe, i.e. t → 0 or equivalently z → ∞, is as follows
This integral has been estimated in Tab. 3 for Ω 0,r = 5 × 10 −5 , different values of baryonic matter Ω 0,m = 0.05,0.10, 0.15, 0.2, 0.25, 0.30 and in a flat universe, i.e. Ω 0,c 1 = 1 − Ω 0,r − Ω 0,m . Also, the age of the universe for the standard ΛCDM model is reported for comparison. As it is seen in this table, the age of the universe decreases with increasing the baryonic content of the Universe at the present time Ω 0,m . Almost all stars are found to be much younger than the age of the universe proposed by ΛCDM model; however, there are some challenging data too. For instance, Cowan et al. [57] have studied a metal-poor star named BD +17 • 3248 to determine its age. To do so, the authors have used the abundances of thorium and uranium in comparison with each other and with some other stable elements. The result is that the age of this object is about 13.8 ± 4 Gyr which makes it one of the oldest objects ever observed, though the uncertainty of the result is not negligible.
Another more recent study by Bond et al. [58] considers a star in our neighborhood named HD 140283 which is also extremely metal-deficient. These authors have used Hubble Space Telescope to measure the precise trigonometric parallax of the object which results in a well-measured distance. Using theoretical isochrones, the age of the object is determined as 14.46 ± 0.31 Gyr in which the uncertainty is only due to the parallax. However, due to other sources of errors, especially those of the the oxygen content, the uncertainty budget is in fact higher than that of the distance and is finally measured to be about ±0. 8 infer the Hubble constant within the context of Neumann model and then make a conclusive argument of age determination. A thorough study of this sort is beyond the present work. Also we mention that if we accept the central value of H 0 proposed by Wong et al. [60] , then the age of the universe based on the standard model would be 12.9 (Gyr) as you could check from Tab. 3. This is in contradiction with the age of the star HD 140283 discussed above unless we include the uncertainty of H 0 . As Freedman & Madore [61] have explained, one could also determine the age of the universe based on measuring the angular power spectrum of temperature fluctuations of CMB. At the end, the prediction of any successful cosmological model for these three methods must be in good agreement with each other. Assuming Neumann boundary condition to solve Eq. 10, which results in the solution of 11, is valid as a mathematical possibility. However, this choice of boundary condition would be more motivated if we could enforce it based on some physical backgrounds, i.e. action principle, for example. In fact, the debate on the proper boundary condition of Einstein-Hilbert action dates back to early days of the introduction of general relativity. See Realdi & Peruzzi [62] for a review on this subject. Especially, one could mention the discussion between de Sitter and Einstein on this matter which could be considered as the root of relativistic cosmology. In the heart of the debate lies the possibility of a static universe, presumed by Einstein before Hubble's discovery of the expansion of cosmos [1] . To achieve the relativity of inertia, Einstein proposed a metric of the form g 0i ≡ ∞ at spatial infinity while other components are zero. However, de Sitter criticized this point of view because it leads to the notion of Newtonian "absolute time" and also some invisible masses. In the context of GR, this could be considered as the first mentioning of "dark matter". In fact, through trying to solve the problem of boundary conditions at spatial infinity, de Sitter and Einstein introduced two distinct cosmic models, the first two models of relativistic cosmology [62] .
From pure mathematical point of view too, the issue of boundary condition seems to be quite controversial in GR. In fact, since Einstein's field equations contain secondorder derivatives of the metric tensor, it could be shown that the Einstein-Hilbert action is not well-posed; i.e. the boundary condition of this action is not compatible with the obtained field equations [13] . To cure this problem, however, one could eliminate the surface terms by adding a boundary term to Einstein-Hilbert action. For example, York [63] , Gibbons & Hawking [64] proposed the next action with a surface term
which is invariant under diffeomorphism. In this action, known as YGH action, R is the Ricci scalar, h is the induced metric on the boundary ∂ M with the coordinates y i , κ ≡ 8πG, K is the extrinsic curvature of the boundary and g is the determinant of the metric tensor. Also we have ε = +1 for timelike and ε = −1 for spacelike boundaries. In this report, we will use Greek and Latin indices to refer to the spacetime and spatial components respectively. This action presumes Dirichlet boundary condition by killing all the normal derivatives of the metric tensor on the surface. See Chakraborty [13] , Krishnan & Raju [33] for a review. It is also worth mentioning that according to Charap & Nelson [65] there could be infinitely many boundary terms to make the above action wellposed. Therefore, it is not uniquely determined. On the other hand by assuming Neumann B.C., Chakraborty [13] , Krishnan & Raju [33] have shown that the action takes the following form
with the unique property that the surface term vanishes in D = 4 dimension. Krishnan & Raju [33] suggest that this property of S N could be interpreted as following: "Standard Einstein-Hilbert gravity in four dimensions, without boundary terms, has an interpretation as a Neumann problem". In addition, Eq. 44 is interesting from the point of view of gravitational theories in higher dimensions since it singles out D = 4 dimension. In other words, our four dimensional spacetime is not merely one of the possibilities; i.e. D = 4 is the dimension that one has elegant Einstein-Hilbert action ( without any surface term) if one imposes Neumann boundary condition. Krishnan & Raju [33] have also shown that in a three dimensional space the Neumann action S N becomes Chern-Simons action which is another interesting feature of this action.
In addition, Maldacena [31] has proved that by using Neumann B.C., one can derive the semiclassical (or tree level) wavefunction of the universe in 4-D asymptotically de-Sitter or Euclidean anti-de Sitter spacetimes. Since, conformal gravity has many solutions, Neumann B.C. seems to select Einstein solution out of all possible choices. A more elaborate derivation of the equivalence between Einstein theory and conformal gravity by assuming Neumann B.C. is also provided by Anastasiou & Olea [32] .
Chakraborty [13] shows that to impose the Neumann B.C. one has to fix the momentum conjugate
on the boundary. In what follows in this work we will impose the Neumann B.C. on cosmic perturbation equations and then derive the modifications due to this new boundary condition on cosmic equations. To do so, assume a metric of the form
Please note that unlike metric 1, the scale factor R(t) is not included in the potential ψ. See Jacobs, Linder & Wagoner [46] for a discussion on the difference between the two metrics. For this metric the the momentum conjugate could be derived as
in which the first term on the rhs is the background while the rest represent the perturbed terms. Neumann boundary condition must be imposed on physical degrees of freedom, i.e. the potentials φ and ψ. Also, presuming that time derivative of the 3-curvature perturbation ψ is negligible, i.e.ψ H ≈ 0, we would have
for the local conjugate momentum. Remembering that ψ = R 2 Ψ and assuming b Π i j = 2Ṙc 1 at any time, one would derive Φ − Ψ = c 1 as suggested in Eq. 11 (neglecting the anisotropic stress). We note that the Dirichlet B.C. could be reproduced by simply putting c 1 = 0 in Eq. 11.
In deriving the above condition from Neumann boundary 45, we assumed the negligibility of the time variation of ψ. The validity of this presumption at different scales needs to be studied more carefully which we do not consider here. Also, another critical assumption is that we only imposed Neumann B.C. on potentials (perturbations) and not the background term, i.e. −2Ṙ, which is related to the geometry of the space. This is justified because we prefer to maintain the underlying geometry; otherwise, the whole method of perturbation theory which we used here needs to be revised. In conclusion, the above method provides a possible interpretation for Neumann boundary condition from action-principle point of view. The other possible interpretation which was mentioned above and is based on the equivalence between Einstein and conformal gravity, would not be discussed here. We should point out that boundary conditions, such as mixed boundary condition, are also possible. See, for instance, Peebles, Tully & Shaya [66] , Peebles [67] who impose mixed boundary condition to study the dynamics of the local group.
It is interesting that the possibility of a Neumann B.C. to solve GR field equations have been rarely discussed before. One of the reasons for this shortcoming is that proving the well-posedness of GR field equations under a particular boundary condition has found to be a very difficult task. The well-posedness, i.e. the existence and uniqueness of the solution in a small neighborhood, of GR under Cauchy B.C. has been proved by Choquet-Bruhat for the first time and after a long debate. A review on this proof which is based on harmonic coordinates could be found in Choquet-Bruhat & York [68] . Then Choquet-Bruhat & Geroch [69] proved the theorem of the global existence and uniqueness of GR. See also Gourgoulhon [70] for a good introduction to this matter. As Arnowitt, Deser & Misner [71] have discussed too, the Cauchy problem starts with assuming (h i j , Π i j ) as a complete set of Cauchy data (initial data). It is yet not clear that if we change the boundary condition, the proof of "the existence and uniqueness of solutions" would remain intact or not. Although, a systematic treatment is needed to prove ( or disprove) the well-posedness of GR with a Neumann B.C. which is beyond the scopes of the present work.
Another reason for the usual discarding of Neumann B.C. is that the meaning of this boundary condition in a four dimensional spacetime is not necessarily evident. For example, in the field of numerical relativity, there have been some attempts to impose Neumann B.C. to prevent the violation of constraints [72] or to investigate the numerical stability of Cauchy evolution [73] under the new boundary condition. To impose Neumann B.C. Kidder et al. [72] place restrictions on the normal derivatives of some characteristic fields while [73] determine ∂ z Φ, z being a specific direction in their simulations, at z = 0. As another example, Shenavar [14] uses Neumann B.C. based on the fact that the gradient of the potential, i.e. the force, would tend to zero at spatial infinity. Thus, there had been different conceptions in dealing with Neumann boundary condition. However, now by the method that Chakraborty [13] and Krishnan & Raju [33] present, there is a well-motivated mathematical definition of imposing Neumann B.C. as determining the value of Π ab on the boundary. Therefore, there is at last a clear definition of "imposing Neumann B.C." which could guide us through the complexity of GR fields.
As it is discussed before [14, 15, 20] , assuming Neumann B.C. could lead to three different possibilities. First, by comparing our results with observations we might realize that the derived value of c 1 is very tiny. Of course, in this case we will conclude that Neumann B.C. is not reliable; i.e. Dirichlet B.C. triumphs. Second, one might derive different values for c 1 from various observations; i.e. observations based on lensing, rotation curves of galaxies, CMB etc. report contradictory results for c 1 . Then, we conclude that our fundamental assumption, i.e. Neumann B.C., is not selfconsistent and thus excluded. The last possibility is that the value of Neumann constants c 1 which is found from different phenomena is non-zero and compatible at various scales. In this case the significance of the Neumann B.C. should not be underestimated.
Discussion on the Averaging Procedure
By using the averaging method of Sec. 3 we were able to derive the effect of our modification at large scales through finding the mean of δ ρ c 1 which resulted in ρ c 1 = δ ρ c 1 . If this averaging is carried out based on Eq. 22, then the result would be simply proportional to Hζ as reported above. However, if we start from the more fundamental description of δ ρ c 1 , i.e. Eq. 20 which includes an integral, then the averaged value of ρ c 1 is as follows
which is in general harder to deal with. The main problem is that whether the local value of Hubble parameter is needed to be replaced by some averaged value at larger scales, say H , or not. If this is the case, then one needs to model the relation between the local and global values of Hubble parameter. A careful study of such possibility is beyond the present work; however; even in this case, a reasonable approximation would be to find a relation between local and averaged values such as H = Ha β , then absorb a β into the function ζ which was introduced in Sec. 2. In this way, our toy model of Sec. 3 will be resumed with a new parameter ε.
As mentioned above, by comparing PDFs of Hubble (38) with Hubble (12) data sets in Fig. 11 , one could argue that the PDF of Hubble (38) could be considered as a superposition of two Gaussian PDFs. In addition, as one can see from Fig. 13 , the redshifts of the data in Hubble (12) lie in the range of z < 0.8 and z ≈ 2.35; thus, there is a significant gap here in the data of Hubble (12) for redshifts 0.8 < z < 2.3. Also, looking closer at the results of the fitting of Hubble (38) in Fig. 10 , one could see that the data which lie within the interval of 1 < z ≤ 1.53 show quite significant disagreement with the predicted curves of both ΛCDM and MOD models. In fact, out of five data points, three points do not even intercept the theoretical curves while the other two hardly cross the predictions.
These two observations, i.e. possible superposition of two Gaussian PDFs in Fig. 11 and also significant difference at 1 < z ≤ 1.53 redshifts in Fig. 10 , could be hypothesized as a sign for the existence of two distinct Hubble parameters, i.e. the local Hubble parameter H and the averaged one H . According to our discussion on the averaging procedure, H could differ from H when the role of the structure (averaging) is prominent. This analysis could also be useful in confronting backreaction cosmology with the data. As Conselice [74] has reported, in the redshift interval of 1 < z < 1.5 one observes a rapid decrease in the number of normal galaxies with increasing z. Thus, this change in the number of objects at 1 < z < 1.5 might have effected the observed value of Hubble parameter.
Also one should note that the averaging procedure defined in Sec. 3 is carried out on a hypersurface of constant time t. In other words, it is presumed that the averaging integrals are performed instantaneously on the whole of the Universe. See Amendola & Tsujikawa [10] , page 294, for a discussion on this matter. Of course, one could assume that in the absence of walls and other huge inhomogeneities, the structures in the cosmos form quite similarly everywhere; thus, the presumption of an instantaneous average is somehow justified. Although, as an alternative, the averaging procedure could be done by performing integrals over the "lightcone" which is a more subtle method. See Gasperini et al. [75] for a complete description of this procedure. The integration in this method is carried out on a section of "spacetime" which is "causally" connected with the observer (us). Basically, this type of averaging could lead to quite different consequences (at least for some redshifts and some particular mass distributions) compared to the procedure that we used in Sec. 3; though, a survey on the difference between the two approaches is beyond the scopes of the present work.
In dealing with the averaging procedure of GR fields, one finds that in general we have G µν ( g ) = G µν (g) [49] . In Sec. 3, we used G µν (g) . However, it is important to note that after averaging the metric, a term of the form 2c 1 emerges
in which "diag" refers to diagonal matrix. Of course, this does not change the local physics because by a simple redefinition of length as dx ′ = √ 1 + 2c 1 dx we can resume our usual Minkowski metric as ds 2 = −dt 2 + dx ′2 . The rest of the physics of the local universe follows from here.
Discussion on the basic parameters of the model
The modified cosmological model presented here contains two new parameters c 1 , Ω 0,c 1 and ε. In this section, we will discuss the possible values of these three parameters and methods to determine them. The parameter c 1 could be determined at local scale ( solar and galactic systems) and also lensing observations. The local scale dynamics of massive particles is governed by the modified Poisson equation 19. At solar system scales, it has been shown before that a value of c 1 = 0.065, or smaller, satisfies the test based on perihelion precession of inner planets [15] . However, the best possibility to confine the value of c 1 lies probably in galactic scales. The reason is that the typical acceleration in these objects is very close to a 0 = cH 0 as Milgrom [17] has observed for the first time. Shenavar [14] has studied accelerations at outer most parts of a sample of 101 galaxies and the results roughly agrees with a constant acceleration if c 1 = 0.065 or smaller. Also, the analysis of the rotation curve data of a sample of 39 LSB galaxies, reported in [15] , supports the above value of c 1 = 0.065 with one exception. However, more analysis of rotation curve data, for larger samples and different morphologies, must be carried out to measure the value of c 1 . Especially, it is interesting to check the viability of this model for dwarf spheroidal galaxies in which MOG encounters some problems [76] . Also, the modified Poisson equation of this model has not been tested at the galactic cluster scales yet.
The trajectory of massless particles too, especially strong lensing observations, provides a good opportunity for measuring the value of c 1 . As mentioned above, in this case we have to first estimate the mass of the lenses based on the cosmological model which was presented here. Then, one could find permissible bound of c 1 . Only in this way, our estimation would be independent of the results derived from the standard model. However, to estimate the mass of lenses, one has to evaluate the luminosity distance D L for which we need to know Ω 0,m and Ω 0,c 1 (neglecting radiation Ω 0,r ). Although the value of Ω 0,c 1 is connected to c 1 through Eqs. 22 and 29, because of the appearance of the parameters ε and L 0 in Eq. 22, the density parameter Ω 0,c 1 could not be evaluated solely from c 1 . Fortunately though, in flat universe, i.e. Ω 0,k = 0, the value of Ω 0,c 1 could be simply estimated by Ω 0,c 1 = 1 − Ω 0,m − Ω 0,r . Neglecting Ω 0,r , since the radiation share of the observed universe is very tiny, the last equality leaves us with determining the baryonic density parameter Ω 0,m to evaluate Ω 0,c 1 .
It was argued above that based on the measurements of the age of the most oldest stars, the parameter Ω 0,m could be confined to Ω 0,m 0.25 or Ω 0,m 0.2 (depending to the value of H 0 ). Also, we know that the standard model presents a reasonable model of the universe in different galactic and cosmic scales. This could be realized by comparing predictions of this model with observations based on baryon acoustic oscillation, big bang nucleosynthesis, CMB and type Ia supernovae. Most of the data in these observations are compared with different functions of the (normal-ized) scale factor a. In Fig. 1 we realized that the scale factor of the present model would be very close to that of the ΛCDM model if we have 0.15 Ω 0,m 0.25. Based on these two arguments, and also the above data analysis which used SNIa and Hubble data, we find that the bound on the energy content due to Neumann initial condition would be 0.75 Ω 0,c 1 0.85. Independent studies based on other observations are needed to make more concrete conclusions. See, for example, Subramani, Shenavar & Kroupa [30] for an analysis based on angular size data.
The parameter ε, or more precisely the time evolution of ζ (t), is another important factor of the present model. The effects of the parameter ε, from theoretical and data analytical points of view, needs careful treatment. We elaborate on this matter in future works related to CMB analysis.
Concordance vs. Convergence arguments: Merritt [77] has explained the concordance vs. convergence arguments in current cosmology as follows: "When cosmologists speak of concordance, they mean that it is possible to find a single set of parameters that provides an acceptable fit to the conjunction of observational data sets, and not that there is independent confirmation of the value of any single parameter." From data analytical point of view, the concordance argument requires that for any cosmological model, the total χ 2 tot of cosmological observations results in a set of cosmic parameters: concordance approach: 
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Because every χ 2 distribution is a function with an absolute minimum (which we should find), the total distribution in concordance approach, i.e. χ 2 tot , will necessarily results in a set of cosmological parameters for any cosmic model. However, the convergence requirement is a much harder condition to be satisfied. The reason is that the confidence intervals of all data sets, i.e. χ 2 SN , χ 2 H etc., might not coincide for all models.
The criterion of convergence has been used before in support of quantization of matter and radiation. For example, Perrin [78] , page 207, has argued that the significant agreement found between Avogadro's number derived from different phenomena ( such as black-body radiation, radioactive decay, Brownian motion etc. ) suggests a near certain existence for the molecules. Similarly, the accordance between various experimental values of Planck's constant has been interpreted as a strong support for quantization of energy (Planck [79] , page 17). On the other hand, contemporary cosmological models usually use the concordance approach. A cosmological model with convergent parameters, as explained by Merritt [77] , would be more desirable than a concordance model. In fact, recent debates on the correct value of the Hubble constant H 0 is somehow related to concordance vs. convergence arguments. For example, Riess et al. [80] use SN data to find the best estimate of 73.24 ± 1.74 km/sec/M pc which is 3.4 sigma larger than 66.93 ± 0.62 km/sec/M pc of Planck data. See also Riess et al. [81] which uses SN data with z > 1 to derive the Hubble constant. Although, we should mention that this tension could also be due to systematic uncertainties in SN or CMB data, or even both.
As we saw from Tab. 5.1, for both ΛCDM and MOD models, the Hubble parameter and SNIa data provide consistent H 0 and Ω 0,m parameters. However, the discrepancy seems to be between SNIa and CMB data (small vs. large redshifts). Thus, to check the viability of MOD model, it is necessary to derive its CMB physics and compare its results with observations at lower redshifts.
Discussion on GR measurement process and EPS theorem
An important consequence of the modification in light trajectory is that light signals, alongside with free falling particles, form the basis of measurement process in general theory of relativity [44, 45, 82] . Therefore, if the trajectory of light signal is modified by Eq. 18, the measured values for physical quantities would change too. The accepted procedure of spacetime measurement in GR is known as the method of geometrodynamic clocks [44] . This method had been introduced by Marzke & Wheeler [82] , and later modified a bit by Desloge [83] , to eradicate the need for atomic standards which tend to change when placed in gravitational fields. See Ohanian [44] , chapter 5, for a thorough review on measuring spacetime intervals in curved spaces by using geometrodynamic clocks. These clocks are made of two mirrors with a constant separation, with light rays bouncing back and forth between them, while both mirrors are in free fall. In a gravitational field, all particles fall at the same rate; thus geometrodynamic clocks are in fact matterindependent.
The key advantage of the method of geometrodynamic clocks lies in using free falling particles and light rays. This is crucial because as Ehlers, Pirani & Schild [45] have proved, the light rays build a conformal structure while free falling particles determine a projective structure. Thus, by applying geometrodynamic clocks one could obtain affine and metric structures of spacetime manifold. To do so, they have assumed some well-motivated postulates from which one could define exact operations to measure length and time intervals. See Ehlers, Pirani & Schild [45] for the exact definitions of conformal, projective, affine and metric structures. Ehlers's contribution to Israel [84] book, pages 1-125, provides details of a constructive-axiomatic approach to GR which uses EPS theorem as the cornerstone of the theory. Einstein field equations are derived in this axiomatic method from a few well-motivated postulates. Thus, the EPS theorem is essential in axiomatic description of GR.
In addition, the notion of geometrodynamic clocks is important from physical point of view because it can be proved that the particles in free fall move along the geodesics of a metric g µν which is measured by geometrodynamic clocks. See Ohanian [44] , page 203, for the proof of this theorem. Therefore, if due to the change in boundary conditions, the governing equation of motion of light rays is modified -as it is now according to Eq. 18 -then one could expect that the measured values of time, space, acceleration etc. would change accordingly.
One could prove that because the velocity of a massive particle at galactic scales is typically much smaller that the speed of light, the modification in geodesy of the massive object is far smaller than cH [14] . However, as discussed above, since the trajectory of the light signal includes a term proportional to de Sitter scale of acceleration, the measured values of the massive particle's acceleration would include the cH. This procedure is motivated by the fact that both massless and massive particles trajectories show dependency to cH. A good example for the former is the observations of strong lenses [14] while for the latter we could mention the rotation curve data [15] . In this way, the missing mass discrepancy is united by introducing a new term into the equation of motion.
On the other hand, if one presumes another procedure of spacetime measurement, e.g. atomic standards [44] , then the above two theorems of Ehlers, Pirani & Schild [45] and Ohanian [44] could not be used. Thus, the unification between the massive and massless particle's trajectories would not be possible and the missing mass discrepancy would remain unsolved for massless particles. Therefore, to summarize, using the notion of geometrodynamic clocks is the second critical assumption of Neumann cosmology (beside Neumann B.C.).
One could even further argue that the viability of Neumann cosmology based on observations at different scales could be considered as a direct "empirical proof" for the advantage of Marzke & Wheeler [82] measurement method ( geometrodynamic clocks) over other methods of spacetime measurement. Especially, this could demonstrate the correctness of EPS theorem ( within the present model) which is a key tool in constructing the geometrical structure of spacetime.
Conclusion
In this study, we built a model based on the idea that local scale physics might be affected by the global expansion of the universe through a term which is related to the de Sitter scale of acceleration cH. To do so, we used Neumann B.C. instead of the usual Dirichlet B.C to solve Einstein perturbation equations. This new boundary condition is mathematically well-motivated, though, its mathematical well-posedness is yet to be surveyed.
The outcome of the model is somehow reminiscent of Mach's principle. The Mach's principle argues that the condition of the "distant objects of the cosmos" somehow enters into the laws of local mechanics. There are various interpretations and formulations of this principle which are thoroughly presented in Barbour & Pfister [85] . However, the present model is based on the idea that "the expansion of the universe" is essential and the new terms enters the equation of motion through presuming Neumann B.C. in this expanding universe. Thus, the model in not Machian in its stringent concept.
In the standard model of cosmology, the accelerating expansion of the universe is provided by assuming a constant density of energy due to Λ . This term provides a repulsive force at large scales in ΛCDM while presuming a dark halo provides more attractive force (of course through Newtonian force of gravity) at galactic scales. On the other hand, the new term in the present theory, i.e. the term proportional to c 1 cH(t) in Poisson equation 19, provides more attractive force at galactic scales while still producing a negative deceleration parameter at later times, i.e. see q < 0 in Figs. 3. Also, the total equation of state parameter w t tends to w t < −1 at later times as was shown in Fig. 4 . The key to understand this seemingly odd behavior, i.e. making attraction and repulsion at different scales, is that unlike ΛCDM model with its static Λ , the new term in our model changes with time because it is proportional to Hubble parameter. As is shown by Cai, Tuo & Zhang [34] , Cai et al. [35] and also here, the existence of a term proportional to H(t) in Friedmann equations could be considered as a model of dark energy. Also, as we have shown in Shenavar [14, 15] , Shenavar & Ghafourian [20] , the new term in modified Poisson equation 19 provides more attraction at galactic scales. In this sense, the term 2c 1 H(t) is an attractive force; however, the acceleration expansion is satisfied through time-dependence of this new term.
Unified models of dark matter and dark energy, which rely on "dark fields" instead of dark matter or Λ term, have been proposed before. See Amendola & Tsujikawa [10] , chapter 8 and references therein, for a brief review on these models. Among these models, one could mention generalized Chaplygin gas model Bento, Bertolami & Sen [36] , k-essence model Scherrer [37] and models based on Bose-Einstein condensation Fukuyama, Morikawa & Tatekawa [38] . However, these models might encounter problems in dealing with observations at early or late times. For example, the sound speed in generalized Chaplygin gas model is small at early cosmic times while it shows a growth at later epochs. Compare with the results of c 2 s of MOD model and ΛCDM in Fig.  5 . This evolution of sound speed in generalized Chaplygin gas results in incompatibilities with observations of largescale structure [10] . However, the observational success of the standard model seems to mostly rely on the fact that ΛCDM needs only a few parameters to fit the cosmological observations [8] .
Beside the parameters which are usually derived by fitting cosmological data to ΛCDM predictions; there are some other parameters presumed at galactic scales. For instance, Navarro, Frenk & White [86] NFW profile relies on two free parameters, i.e. the scale length of the halo and its central density. Furthermore, one also needs more parameters to build a successful particle theory of dark matter, e.g. SUSY, which we will not discuss here. In this respect, the present model could be considered quite economical because at galactic scales it relies only on c 1 . See Eq. 19. On the other hand, MOD is dependent to c 1 , ε and Ω c 1 which seems quite parsimonious. Also, it attributes the puzzling phenomena of dark matter and dark energy to the initial/boundary conditions of the field equations nor the presence of new substances or other dark fields.
Admittedly, the question of boundary/initial conditions in cosmology has not been thoroughly studied so far. The same is true about a possible link between local and global physics. However, some exceptions could be found in the works of the founders of the standard model. For example, Dicke & Peebles [87] criticized the proposals of Pachner [88, 89] who claimed a connection between local and global dynamics based on Mach's principle and argued that the apparent connection is only formal, i.e. such effects would be unobservable. In addition, Peebles [1] part III, page 361 -363, argues that the notion of initial condition is not necessary for a cosmological model unless probably for the fine-tuning problem of very early universe. However, these works do not include a systematic imposition of a new boundary condition and its local effects and they mostly argue, on general grounds, that such modifications would be unnecessary or unobservable.
Although we fixed the value of the conjugate momentum Π i j at early cosmic time t 0 , the physical process which stabilizes this value is yet to be understood. In fact, if the present model found to be reliable to address the dark matter and dark energy, then one could ask questions about its implications for t < t 0 . For example, it could be hypothesized that before t 0 , the value of Π i j has been dynamical on the boundary. Then, probably, a quantum theory on the boundary is needed to explain the evolution of Π i j and also a mechanism to make it fixed on a hypersurface of constant physical time t 0 . On the other hand, the quantum theory of GR under a Neumann B.C. has been considered recently. See, for instance, Krishnan, Kumar & Raju [90] who define a semi-classical path integral for gravity in D dimensions with Neumann B.C. and provide a relation between this Neumann partition function and that of the well-known Euclidean quantum gravity. The entropy of black holes and cosmological horizons have also been derived through ADM formalism. In addition, Krishnan, Raju & Subramanian [91] have discussed the possibility of a consistent quantization with Neumann B.C. when the boundary is dynamical.
The degree of reliability of MOD model needs to be further studied in galactic, cluster and cosmic scale. At galactic scales, the local and global stability of the systems have to be surveyed. Specifically, by developing the work of Shenavar & Ghafourian [20] , one could derive the local stability of a gas+stellar system and compare the results with star formation rate. Moreover, the scaling rules of MOD model at galactic scales show interesting properties which will be reported in future. Another challenge is the problem of dwarf galaxies which is well-established within MOND paradigm [22] but seems quite problematic in ΛCDM.
However, the main issue at cosmic scales remains to be the CMB analysis of MOD. Regarding the analysis which we presented in Sec. 2, one could see that the MOD model works based on a modified Poisson equation which is indeed of fourth order. See Eq. (3) of Shenavar & Ghafourian [20] for the derivation. The homogeneous form of this equation is usually discussed in the theory of linear elasticity and has been named biharmonic equation. The solutions to biharmonic equation include the solutions of Laplace equation. By implementing the solutions of the modified Poisson equation into perturbation equations, one can derive CMB spectrum. This is a delicate issue which would be reported in a following work. However, as Valentino, Melchiorri & Silk [40] have discussed, there is already a powerful technique to systematically search for a deviation between the two scalar potentials at cosmic scales, i.e. the so-called anisotropic stress function η = Ψ /Φ, which hints to possible need for a modification in gravity (at 95% confidence level).
A Time-dependent Neumann parameter
Similar to the method that was used in Sec. 2, one can prove that by assuming a time-dependent Neumann parameter c 1 (t) the next two pure time-dependent equations could be derived from Einstein field equations
while by using energy-momentum conservation equation it is possible to achievė ρ + 3(ρ + P)(Ṙ R +ċ 1 ) = 0.
As one could see immediately, these three equations are independent, i.e. the third could not be derived from the first two equation, unless one assumes thatċ 1 = 0. This is the key reason for assuming a constant c 1 in Sec. 2.
It is worthy to note that the conservation equation could be derived "order by order" from GR field equations. However, the key point here is that Eq. 49 is independent from Eqs. 48 because we have mixed zeroth and first-order terms in these equations to obtain all pure timedependent terms.
On the other hand, if one drops the assumption that there is necessarily two independent equations; then the Eqs. 48 and 49 are still mathematically self-consistent. The reason is that one could derive the evolution of radiation ( with P r = 1/3) and baryonic matter ( with P m = 0) from Eq. 49 as follows
ρ m (t) = ρ 0,m ( R 0 R ) 3 e −3c 1 (t) and then put the results in Eqs. 48 to obtain a system of two independent equations of two unknown functions R(t) and c 1 (t). This system could be solved numerically by presuming suitable initial conditions, i.e. determining a(0),ȧ(0), c 1 (0) andċ 1 (0). The results are very similar to the present model at small z as one expects. However, the dynamical system of such model is quite complicated and we will not consider it here.
